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Spanning sets S — SDODBeb.
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Theorem 1 Let M = (E, B) be a matroid with independent
sets . Then D = (E,T) is a A-matroid.

The upper matroid is (E, B) and the lower matroid (E, ().

Theorem 2 Let M = (E,B) be a matroid with spanning
sets S. Then D = (E,S) is a A-matroid.

The upper matroid is (F, P(F)) and the lower matroid (F, B).

Theorem 3 If D = (E, F) is a A-matroid, F' € F, then F
15 spanning in M, and F' is independent in M,.

Corollary 1 If M, = (E,B,) and M, = (E,B;) are ma-
troids, then for M, and M; to be upper and lower matroids
of a A-matroid D = (E,F) it is necessary that

— every basis of M, be spanning in M, and

— every basis of M; be independent in M,.
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4. Quotients of Matroids

(Oxley [I1]) @ = (E,Bg) is a quotient of M = (E,By) if
there is a matroid N = (EU X, By), EN X = (), with
M=N\X and Q = N/X.

Theorem 8 (Ozley) Q is a quotient of M if and only if
every circuit of M 1s a union of circuits of Q).

Corollary 2 Given M, = (E,B,), M, = (E,B,).

M, and M, realize the A-matroid D = (E, F)
if and only if
M, is a quotient of M,,.
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Tutte’s idea is that each edge of a map is associated with four
flags, corresponding to the triangles in the barycentric subdivi-
sion.

The map can be uniquely described in terms of three perfect
matchings. Two flags are matched if they differ in exactly one
vertex.

Faces, Euler characteristic, and orientability can be treated
combinatorially without appealing to topology.
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Let I' be a graph whose edges are partitioned into three classes
R, G, and B which we color respectively red, green, and black.
[ is called map graph or a combinatorial map if the following
conditions are satisfied:

1. Each color class is a perfect matching
2. RU G is a union of 4-cycles
3. I' is connected

The graph I' is 3-regular and edge 2-connected. I' may have
parallel edges, although necessarily not red/green. I' contains
2-regular subgraphs which use all the black edges of I', which
we call fully black 2-regular subgraphs; R U B and G U B are
examples, and there always exists a fully black Hamiltonian
cycle.
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Proof of Hamiltonicity:
First note that a fully black 2-regular subgraph cannot contain
any incident green and red edges, so every red/green quadri-
lateral intersects a fully black 2-regular subgraph in either two
red, or two green edges.

Now consider a fully black 2-regular subgraph of I' with the
fewest connected components.

If there is not a single component, then there is a green/red
quadrilateral which intersects the subgraph in, say, two red
edges which belong to two different components, and swap-
ping red and green on that quadrilateral reduces the number
of components of the subgraph, violating minimality.
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S Theorem 10 [/ Given a combinatorial map I'(R, G, B),
_ Homepoge | let E be the set of quadrilaterals of RUG, and
rite Page | let F be the collection of subsets of E corresponding to the

pairs of green edges in a fully black Hamilton cycle in I'.
Then (F, E) is a A-matroid.
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We have to show the symmetric exchange property. Let Fe
and F be sets of quadrilaterals corresponding to fully black
Hamiltonian cycles C' and C". Let g € Fo A F/,, so the edges
of quadrilateral ¢ are differently colored in C' and C”, say red
and green. There are two cases, either replacing in ¢ the red
edges in C' with the green of C" results in two components or
one. See Figure .

If it results in just one component, then take ¢’ = ¢, and
F.A{q,q} = F.A{q} is the set of red quadrilaterals of a fully
black Hamiltonian cycle, and hence feasible, as required.
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Quotients of .. ¢1, connecting those two components, and necessarily both red
edges of ¢; are in C and both green edges of ¢; connect the
Biblography components, and ¢ € C' A C".
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Since R, G and B are perfect matchings, the union of any two
them induces a set of disjoint cycles. Let V' be the set of cycles
of RU B, E be the set of cycles of R UG, and V* be the set
of cycles of G U B. There is a graph (V, E) where incidence
is defined between a red-black cycle and a red-green cycle if
they share an edge, and, similarly, there is a graph (V*, E)
where incidence is defined between a green-black cycle and a
red-green cycle if they share an edge. We say that I' encodes
the graph (V) E) and its geometric dual (V*, F).
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i Theorem 11 Let I'(R, G, B) be a combinatorial map and
Home Poge | let Dr = (§, E) be its associated A-matroid.
' Then
= the lower matroid of Dr is the cycle matroid of (V, E)

RS and
RN the upper matroid of Dr is the cocycle matroid of (V*, F).
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PRrROOF: Given I'(R, G, B), recall that the feasible sets of D
consist of RG quadrilaterals whose R edges are contained in a
fully black Hamilton cycle of T'.

Any fully black Hamilton cycle C' of ' must contain the red
edges corresponding to a spanning tree of (V) E) as well as the
green edges corresponding to a spanning tree of (V*, E). So
the minimal number of red edges in C' is 2(|V| — 1), while the
maximal number is 2(|E| — |V*| 4+ 1).

The edge sets of the spanning trees of (V, E') are the bases of its
cycle matroid, while the complements of edge sets of spanning
trees in (V*, F) are the bases of the cocycle matroid of (V*, E).
[
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e The difference in rank of the upper and lower matroid of
(5, E) is given by

1B =V +1)=(VI[-1)=2-x,
— x 18 the Euler characteristic.

olf [ is bipartite, all feasible sets of Dr = (§F, E') must have the
same parity —

since exchanging a red and green pair of edges always discon-
nects a Hamilton cycle of a bipartite I'.
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S = {{1, S 4}, {1, 3, 5}, {1, 3, 6}, {1, 4, 5}, {1, 4, 6},
12,3,4},12,3,5},{2,3,6), {2,4,5), {2, 4,6}, {3, 4,5}, {3,4,6)}

e § is the set of spanning trees of G and at the same time the
set of co-trees of G* so

— all feasible sets have the same size and
— the upper and lower matroid are identical.
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§=1{{1,3,4},{1,3,5},{1,3,6},{1,4,5},{1,4,6},
{2,3,4},{2,3,5},{2,3,6},{2,4,5},{2,4,6},{3,4,5},{3, 4,6},
{1,2,3,4,5},1{1,2,3,4,6}}

The lower matroid is again the cycle matroid of G,

but the upper matroid is the co-cycle matroid of G*,

The upper matroid has rank 5 and contains exactly one cycle,
namely {5,6},
which is a minimal cutset of G* and also a cycle in G.



Matroids vs. A-. ..
Matroids in A-. ..

Realization Problem

Quotients of . .. 1 5
Rigidity matroid. .. 3 4
Bibliography

2 6

Home Page |

Title Page |

RS The A-matroid associated to this the map has,
o in addition to the feasible sets of the previous example,
the feasible set {1, 2, 3,4}, whose parity is even, while the parity
Page 57 of 54| of all other feasible sets is odd,
mma | so this map is not orientable.
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As is clear from these examples, the map cannot, in general
be recovered from the A-matroid information, since the up-
per or lower matroid do not even determine the graph. Non-
isomorphic graphs may have identical cycle-and co-cycle ma-
troids. It is easy to check that § is also a list of spanning trees
for the graph G’, but GG is not isomorphic to G'.
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e However, if both G and G* are 3-connected, then the map is
__ tome Page_ | uniquely recoverable from the A-matroid information.
_ e | Theorem 12 Let D be the A-matroid of a map M with 2-

“« | » connected upper- and lower matroid. Then M s determined
by D.
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PROOF: By Whitney’s theorem [!'], upper and lower matroid
uniquely determine G and G*. To recover M from D, we need
to specify a rotation system for each vertex v of G.

To determine if two edges e and f with endpoint v follow each
other in the rotation about v, it is enough to check if e and f are
both incident in G*, since the vertex co-cycles of G* correspond
to the facial cycles of the embedded G.

Now re-construct the map graph [
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For example the lower matroid could be the cycle matroid of
K5, while the upper matroid is the co-cycle matroid of Kj as
well, so this matroid information gives us the graphs G and G*
depicted in Figures . By the method in the proof of Theorem 12
the map M is easily recovered.
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So the 4D volume of the collection of points

(o, Yo, 21, 31) < [0, 1]*

with this property is

Vo= 4 /0 . /0 @5+ 1)/2) (@ +1)/2) do dy

1/2 1/2
= [/ 20+ 1 dz [/ 2u+ 1 dy
0 0

= [1/4+1/2*=9/16
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Rigidity matroid for graphs whose vertices are em-
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bedded on a compact surface
bome poge | Represent the surface by a polygon P with boundary identifi-
catlons
_ Teerse | Given G(V, E), embed V' and represent F by straight line seg-

« | » ments on P.

Straight line segments might cross.
o A.a.s. this yields a map M. The rigidity matroid for G on P
Page 0 of 54| is (a truncation) of the union of M, and M,;.
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i | define D, to be the set system (E, F,;) where
« | » ]-"ab:]-"A{XUa|XUb€}"andXQE—{a,b}}.
] We call the move taking D to D,
page 510151 | a handle slide taking a over b.
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subsection®*Normal form

For each binary A-matroid D, there is a sequence of handle
slides taking D to some D; ;; where ¢ is the size of the ground
set minus the size of a largest feasible set, [ is the size of a
smallest feasible set, 25 + k is difference in the sizes of a largest
and a smallest feasible set. Moreover, k& = 0 if and only if D
is even, and if D is odd then every value of j from 0 to ||,
where w is the difference between the sizes of a largest and a
smallest feasible set, can be attained.
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